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Abstract. We give estimates for the approximation numbers of composition 
operators on H 2 , in terms of some modulus of continuity. For symbols whose 
image is contained in a polygon, we get that these approximation numbers are 
dominated by e~ Cv/ ™. When the symbol is continuous on the closed unit disk 
and has a domain touching the boundary non-tangentially at a finite number 
of points, with a good behavior at the boundary around those points, we can 
improve this upper estimate. A lower estimate is given when this symbol has a 
good radial behavior at some point. As an application we get that, for the cusp 
map, the approximation numbers are equivalent, up to constants, to e" c "' ,og ", 
very near to the minimal value e~ cn . We also see the limitations of our methods. 
To finish, we improve a result of 0. El-Fallah, K. Kellay, M. Shabankhah and 
H. Youssfi, in showing that for every compact set K of the unit circle T with 
Lebesgue measure 0, there exists a compact composition operator C v : H 2 — > H 2 , 
which is in all Schatten classes, and such that ip = 1 on K and \ip\ < 1 outside 
K. 
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1 Introduction and notation 

If the approximation numbers of some classes of operators on Hilbert spaces 
are well understood (for example, those of Hankel operators: see [16 ), it is 
not the case of those of composition operators. Though their behavior remains 
mysterious, some recent results are obtained in [14] and [12] for approximation 
numbers of composition operators on the Hardy space H 2 . In [3], it is proved 
that one always has a n {C v ) > e~ cn for some c > ([H], Theorem 3.1) and 
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that this speed of decay can only be got when the symbol ip maps the unit disk 
D into a disk centered at of radius strictly less than 1, i.e. ||<p||oo < 1 Q14). 
Theorem 3.4). 

In this paper, we give estimates which are somewhat general, in terms of 
some modulus of continuity. In Section [5J we obtain an upper estimate when 
the symbol ip is continuous on the closed unit disk and has an image touch- 
ing non-tangentially the unit circle at a finite number of points, with a good 
behavior on the boundary around this point. As an application, we show that 
for symbols tp whose image is contained in a polygon a n (Op) < ae-^, for 
some constants a, b > 0; this has to be compared with [12], Proposition 2.7, 
where it is shown that if ip is a univalent symbol such that tp(B) contains an 
angular sector centered on the unit circle and with opening 9n, < 9 < 1, 
then a n (C v ) > oe"'^, for some (other) positive constants a and b, depending 
only on 9. In Section [3] we obtain a lower bound when ip has a good radial 
behavior at the contact point. Both proofs use Blaschke products. This allows 
to recover the estimation a n (C\ e ) ~ e _Cv/ " obtained in [13], Proposition 6.3, 
and [T2], Theorem 2.1 for the lens map Xg. In Section T4.ll we give another 
example, the cusp map, for which a n {C v ) ~ e -cn/logn^ verv near the minimum 
value e~ cn . We end that section by considering a one-parameter class of sym- 
bols, first studied by J. Shapiro and P. D. Taylor [22] and seeing the limitations 
of our methods. In Section [5j we improve a result of E.A. Gallardo-Gutierrez 
and M.J. Gonzalez (previously generalized by O. El-Fallah, K. Kellay, M. Sha- 
bankhah and H. Youssfi [5J, Theorem 3.1). It is known that for every compact 
composition operator C v : H 2 — > H 2 . the set E v = {e ie ; |(/3*(e 46 ')| = 1} has 
Lebesgue measure 0. These authors showed ([6]), with a rather difficult con- 
struction, that there exists a compact composition operator C v : H 2 — > H 2 such 
that the Hausdorff dimension of E v is equal to 1 (and in [S] , it is shown that for 
any negligible compact set K, there is a Hilbert-Schmidt operator CL such that 
E v = K). We improve this result in showing that for every compact set K of 
the unit circle T with Lebesgue measure 0, there exists a compact composition 
operator C v : H 2 —> H 2 . which is even in all Schatten classes, and such that 
E V = K. 

Notation. We denote by ID the open unit disk and by T = <9B the unit circle; 
m is the normalized Lebesgue measure on T: dm(t) = dt/2-K. The disk algebra 
A{&) is the space of functions which are continuous on the closed unit disk ED 
and analytic in the open unit disk. If H 2 is the usual Hardy space on D, every 
analytic self-map ip: D — > D (also called Schur function) defines, by Littlewood's 
subordination principle, a bounded operator C v : H 2 — > H 2 by C v (f) = f o ip, 
called the composition operator of symbol ip. 

Recall that if T: E — >• F is a bounded operator between two Banach spaces, 
the approximation numbers a n (T) of T are defined by: 

a n (T) = inf{||T- R\\ ; rank(i?) < n} , n = 1,2,... 

The sequence [a n (T)) n is non- increasing and, when F has the Approximation 
Property, T is compact if and only if a n (T) tends to 0. 
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Definition 1.1 A modulus of continuity u> is a continuous function 

uj: [0,A] ->■ K+, 
which is increasing, sub- additive, and vanishes at zero. 
Some examples are: 

uj(h) = h a , 0<a<l; u){h) = Mog \ ; ui(h) = ' 



h> ~^-log± 

For any modulus of continuity uj, there is a concave modulus of continuity u>' 
such that uj < uj' < 2u> (see [T7] for example); therefore we may and shall assume 
that uj is concave on [0, A]. In that case, w _1 is convex, and 

(1.1) rM) - ^ 

is non-decreasing. 

The notation u(t) < v(t) means that u(t) < Av{t) for some constant A > 
and u{t) « v(t) means that both u(t) < v(t) and v(t) < u(t). 

2 Upper bound and boundary behavior 

Definition 2.1 Let uj be a modulus of continuity and if a symbol in the disk 
algebra A(D). Let £o £ <9B f~l </?(B). We say that the symbol if has an w-regular 
behavior at £o if, setting: 

(2.1) 7« = # f ), 

and E^ — {t ; 7(t) = £ }i ttere exists r > smc/i £/ia£: 

J J /or some positive constant C > 0, one Zias, /or every to £ E^ and \t—to\ < 

ro: 

(2.2) |7(*)-7(*o)l<C(l-| 7 (t)|). 

2) for some positive constant c > 0, one has, for for every t$ £ E^ and 
\t-t \<r : 

(2.3) cw(|t-to|)<|7(*)-7(*o)|. 

The first condition implies that the image of <p touches SB at the point £o, 
and non-tangentially. The second one implies that ip does not stay long near 
£o = 7(*o)- 

Note that, due to (|2 . 3[) . the intervals [t — r /2,t + r /2], for t £ E^ are 
pairwise disjoint and therefore the set E^ must be finite. 
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We shall make the following assumption (to avoid the Lipschitz class): 

(2.4) lim , = oo ; equivalently lim — — = 0. 

h-yo+ h h-y0+ h 

Indeed, assume that 7 is if -Lipschitz at some point t G [0, 2tt], namely 
\if{e lt ) - (p{e lt °)\ < K \t - toU with |^(e l *o)| = 1; then 

m({te [0,2tt]; \ V (e u ) - ip(e^)\ < h}) 

> m({t G [0,2tt] ; |i-to| < h/K}) = h/2nK; 

hence this measure in not o (h) and the composition operator C v is not compact 
([TS], or [3], Theorem 3.12). 

In order to treat the case where the image of <p is a polygon, we need to 
generalize the above definition. We ask not only that 99 is cj-regular at the 
points £1, . . . , £ p of contact of 95(D) with <9B, but a little bit more. 

Definition 2.2 Assume that 99(D) n 9D = {£1, . . . , £ p }. We say t/iat 99 is 
globally-regular if there exists a modulus of continuity lu such that, writing 
Eg. = {t ; 7(f) = one has, for some r±, . . . , r p > 

T=|J(^ + [- r ^ r j]) 
3=1 

and for some positive constants C, c > 0, 

1 ') one has, for j = 1, . . . ,p, every tj £ E^. and \t —tj\ < Tj : 

(2-5) | 7 W- 7 fe)l<C(l-|7WI)- 

i?9 one has, for j = 1, . . . ,p, every tj G and \t — tj\ < fy: 

(2.6) CW (|t-t 3 -|)<|7(t)-7(*i)|. 

Let us note that condition 1') is equivalent to say that 99(D) is contained 
in a polygon inside D whose vertices contain £1, . . . , £ p , and these are the only 
vertices in the boundary <9D. Of course, we may assume that (12.51) and (|2.6[) hold 
only when t is in a neighborhood of tj , since they will then hold for |f — tj \ < Tj, 
provided we change the constants C, c. 

Before stating our theorem, let us introduce a notation. If 99 is as in Defini- 
tion and <t, k > are some constants, we set: 



k2 



-N 



(2-7) rfy= [ ff i 08 __^ j + i, 

where [ ] stands for the integer part. For every integer q > 1, we denote by 

(2.8) N = N q the largest integer such that pNd^ < q 

(N q = 1 if no such N exists). 

We then have the following result. 
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Theorem 2.3 Let if be a symbol in A(D) whose image touches cW at the points 
, £ p , and nowhere else. Assume that ip is globally-regular. Then, there are 
constants n, K , L > 0, depending only on f, such that, using the notation (|2.7p 
and (12.80 . one has, for every q > I: 



(2-9) a q (C v ) < K f^ 2 N y . 

Before proving this theorem, let us indicate two applications. In these ex- 
amples, we can give an upper estimate for all approximation numbers a n (C v ), 
n > 1 because we can interpolate between the integers Ndw and (N + 1) djv+i, 
which is not the case in general. 

1) uj(h) = h e , < 6 < 1, as this is the case for inscribed polygons (see the 
proof of the foregoing Theorem l2.41 here 9 — max{(9i, . . . , 9 p }, where 9\-k, . . . , 9 p it 
are the values of the angles of the polygon), as well as, with p — 2, for lens 
maps \q (see [5T|, page 27, for the definition; see also [H]). We have here 
w _1 (/i) = h 1 / 6 . Hence d N w N, N q sa y/q, and we then get from ([2^9]) that 
a q {C v ) < a2~ SN for q > A^ 2 , with 5 > 0. Equivalently, for suitable constants 
a, /3> 0, 

(2.10) «„(g<ae-^, 

which is the result obtained in [12J, Theorem 2.1. 

2) uj(h) — (i og i//t)Q ! < a < 1, as this is the case, when a = 1, for the cusp 

map, defined below in Section l4~Tl (with p = 1). Then, we have a;" 1 (/i) = e _/l 7 
and djv 1=3 2 N ' a , so that iV g ps \ogq and 2 Nq ' a w q/logq. Now, a simple 
computation gives: 

(2.11) ^(CJ^e-W' 08 ". 



Without assuming some regularity, one has the following general upper es- 
timate. 

Theorem 2.4 Lei D -> D 6e an analytic self-map whose image is contained 
in a polygon P with vertices on the unit circle. Then, there exist constants 
a, j3 > 0, (3 depending only on P, such that: 

(2.12) fln(C,)<ae-^. 

In [12| . Proposition 2.7, it is shown that if if is a univalent symbol such that 
<f(P>) contains an angular sector centered on the unit circle and with opening 9tt, 
< 9 < 1, then a n (C v ) > ae^^, for some (other) positive constants a and /3, 
depending only on 9. Note that the injectivity of the symbol is there necessary, 
since there exists (see the proof of Corollary 5.4 in [14]), for every sequence (e n ) 
of positive numbers tending to 0, a symbol f whose image is B\ {0}, and hence 



contains polygons), which is 2-valent, and for which a n {C v ) < e £ ™". This 
bound may be much smaller than e _/3v/ ™. 

Proof of Theorem [HH It follows the lines of that of [T2], Theorem 2.1. 

Recall ([H], Lemma 2.4) that for every Blaschke product B with less than 
./V zeros (each of them being counted with its multiplicity), one has: 

(2.13) [a N (C v )] 2 < sup -/ \B{z)\ 2 dm v (z) , 

0<h<l, |5|=1 ft JS{£,h) 

where S(£, /i) = {z6B; |z — £| < /i} and m ? is the pull-back measure by tp of 
the normalized Lebesgue measure m on T. 

The proof will come from an adequate choice of a Blaschke product. 

Fix a positive integer N. 

Set, for j = 1, . . . ,p and k — - 1, 2, . . .: 

(2.14) p hk = {l-2- k )i 3 

and consider the Blaschke product of length pNd (d being a positive integer, to 
be specified later) given by: 



p N 

(2.i5) b(z) = n n 



3 = 1 k = l 



1 d 

Z - Pj,k 



1 - Pj,k z 



Recall that we have set 

(2.16) 7 (t) = ^(e lt ). 

To use (|2.13[) . note that if \y{t) — £| _• h, then, for some j — 1, . . . ,p and 
some e Efy , one has |f — t^-j < r-j and, by ([2~5]l . |-y(t) < C(l - |-y(*) I ) < 
^ |7W — CI _• Cft- Therefore, denoting by the number of elements of 
(which is finite by the remark following Definition 12. 1|) : 

M^)f< sup if> / |5[7(*)]| 2 ^, 

and we only need to majorize the integrals: 

Ji(h)= I \B{l{t))\ 2 ^- 

Moreover, it suffices, by interpolation, to do that with h — h n , where h n = 2~ n . 

By dH]), for \t - tj\ < r 3 and |-y(t) - £j\ < Ch n , one has cwQt - tj\) < 
\l(t) - £j\ < Ch n = C2~ n , which implies that 

(2.17) \t-tj\ < uj- 1 (c- 1 C2- n ). 
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Let 

(2.18) s n =uj- 1 {c- 1 C2- n ). 
One has: 

IAK)< I \B(i{t))\ 2 ^- 

J{\t-t \<s n }n{\t-t \< rj } *K 
For n > N, we simply majorize \B(y(t)^\ by 1 and we get: 

c- x C uj- 1 {c- 1 C2- n ) 
~ 7T c- 1 C2- N ' 

since the function uj~ 1 (x)/x is non-decreasing. 
When n < N — 1, we write: 

dt 

/{|*-til<aAr}n{|i-ti|<ri} ' 2?r 

+ / |5(7(t))| 2 |- 

J{s N <|i-t J |< S „}n{|t-t J |<r 3 } ^ 

The first integral is estimated as above. For the second one, we claim that: 
Claim 2.5 For some constant \ < I, one has, for j — X,...,p and every 

(2.19) \B(j(t))\ < x d when\t-tj\> s N and\t-tj\<rj. 

To see that, we shall use [12] . Lemma 2.3. Let us recall that this lemma 
asserts that for w, wq € D satisfying \w — wo\ < Mmin(l — |io|, 1 — \wo\) for 
some positive constant M, one has: 



Ij{K)< I \B(j(t))\ : 

•/•flt-t,-l<sw>n-fli-t,-l<i-,-l 



W — Wq 



M 

< 



(2.20) 

~ VM 2 + 1 

Let t such that \t — tj\ < Tj and \t — tj\ > spj. We have, on the one hand, 
— ^ ^(sn) — c~ 1 C 2~ N . and, on the other hand, since |7(ij)| = = 1 

cuQt-tjDKMt)- 7 (%)l <C(1-| 7 (*)|); 

hence 1 - | 7 (f)| > 2"^. 

Let 1 < k < N such that 2~ fe < 1 - | 7 (i)| < 2~ fe+1 . Since fc | = 1 - 2~ fc , 
we have: 

\l(t) -Pj, k \ < | 7 (t) - 6-1 + & -p it *| < C(l - | 7 (t)|) + 2- fe < (2C+ l)2- fc . 
Hence 

\l(t) -p jtk \ < Mmin(l - |7(i)U- |Pj,*|) . 
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with M = 2C + 1. By (|2~2~D1) . we get < X, where x = M/VM 2 + 1 

is < 1, and therefore |-B[7(t)]| < x d ■ □ 
We can now end the proof of Theorem 12.31 We get: 

^1 \B{l(t))\ 2 ^ 

h n J{ Sjv <|t-t J |< s „}n{|t-i 3 |<r J } 

1 2s„ 2d _ 1 c- 1 (c- 1 C2-") 



,2d 



h n 2tt h n it 

= c~ l C a;- 1 ( C - 1 C2-") 2d 

7T C- 1 C2-« X 

7T 

since w _1 (x)/:r is non-decreasing. 

We therefore get, setting k = c~ 1 C and L = L\ + ■ ■ ■ + L p : 

■ / {|-y(*)-^l<Cft~>n{|i-* i |<r J } 27r 

' X 



k2 



Choose now d ~ d,N, where is defined by (|2.7[) . with c = l/log(x~ 2 ). 
Then % 2d < 2~ n )/(k 2~ n ), and, since the Blaschke product i? has now 

pNdM zeroes, we get, for some positive constant K: 



a P Nd N +i(O v ) <K\I — K 2- N — ' 
and that ends the proof of Theorem 12.31 □ 

Proof of Theorem 12.41 It suffices to consider the case when ip is a conformal 
map from D onto P. Indeed, let ip be such a conformal map. In the general 
case, our assumption allows to write ip — ip o u, where u = ip^ 1 o p: D — > B 
is analytic. It follows that C v = C u o and that a n (C v ) < \\C U \\ a n {C^). 
Therefore, we may and shall assume that Lp itself is this conformal map. 

Let us denote by £i, . . . , £ p the vertices of P. Let < ir/ij < it be the exterior 
angle of P at £j, namely the complement to it of the interior angle; so that: 

p 

Hj = 2 , and < fXj < 1 . 

If one sets dj = 1 — , one has < 0j < 1 . 

We then use the explicit form of (p given by the Schwarz-Christoffcl formula 
(PS, page 193): 

(2.21) cp(z) = A f* — —, — + B , 

y ' Jo (oi - ^O^ 1 ■ • • (Op - 
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for some constants A / and B € C and where <2i,...,a p € <9H> are such 
that £j = ip(a,j), j = 1, . . . ,p. If, as before, we write 7(4) = </?(e rt ), we have 
= with fflj = e ttj (note that here Eg. = {tj}). 

As we already said, condition (|2.5|) is trivially satisfied for a polygon. 

To end the proof, we use Theorem 12 .31 and its Example 1. For that it suffices 
to show that, for \t — tj\ small enough, we have: 

(2.22) |7(*)- 61 

If z <G D is close to aj , it follows from (|2.2ip that we can write 
where /j is holomorphic near aj and fjiflj) ^ since 



i/i^i - n 

k^j,l<k<p 



Write fj(w) — fj(dj) + (aj — w)gj(w) where ^ is holomorphic near aj. We get: 

<fi(z) = Afj(aj) / t — + B+ g j {w)(a j - w) e > dw 

Jo \ a j ^ w ) 1 Jo 

which can still be written (since 9j > 0): 

(2.23) <p(z) = Aj (aj - z) e > + c 3 + ^(z), 

where Aj 7^ 0, Cj S C, ipj is Lipschitz near aj and £j = ip(a,j) = Cj + ipj(aj). 
Now, we easily get (12.221) . Indeed, for t near tj , it follows from (|2.23l) that (recall 
that 7(t) = ip(e lt ) and j(tj) = &): 

lT(*) - 7(*i)[ = |Arf| |e« - e*^|^ + O ([* - t^l). 

which the claimed estimate p. 221) since Aj ^ and \t— tj\ is negligible compared 
to \t-tj\ 6 ' w| e «-e^|^. □ 



3 Lower bound and radial behavior 

We shall consider symbols <p taking real values in the real axis (i.e. its Taylor 
series has real coefficients) and such that lirm,^- ip(r) — 1 , with a given speed. 

Definition 3.1 We say that the analytic map ip: ID) — > 1D> is real if it takes real 
values on] — 1 , 1[, and that ip is an w-radial symbol if it is real and there is a 
modulus of continuity uj : [0, 1] —> [0, 2] such that: 

(3.1) 1 - ip(r) < w(l - r) , 0<r<l. 
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With those definitions and notations, one has: 

Theorem 3.2 Let ip be a real and to-radial symbol. Then, for the approxima- 
tion numbers a n (C v ) of the composition operator C v of symbol ip, one has the 
following lower bound: 



(3.2) a n (C v )>c sup \ exp 

o<<r<i V aa n 



20 



l-o- 

where a = 1 — ip(0) > and c is another constant depending only on ip. 

Observe that, for the lens map Xg (see [TJ], Lemma 2.5), we have w _1 (/i) « 
h 1 / 9 , so that adjusting a = 1 — 1/^/n, we get 

(3.3) a n (C Xe ) >cexp(-CV^), 

which is the result of [14] . Proposition 6.3. 

For the cusp map ip (see Section T4.ip . we have w _1 (/i) ~ e _c > h , so that 
taking a = exp(— logn/2n), we get: 

(3.4) a n (C v ) > cexp(-Cn/logn). 

We shall use the same methods as for lens maps (see [H], Proposition 6.3). 

We need a lemma. Recall (see [5] pages 194-195, or [TI5] pages 302-303) 
that if (zj) is a Blaschke sequence, its Carleson constant S is defined as S — 
infj>i(l — \zj\ 2 ) \B'(zj)\, where B is the Blaschke product whose zeros are the 
zj's. Now (see (7], Chapter VII, Theorem 1.1), every if°°-interpolation sequence 
(zj) is a Blaschke sequence and its Carleson constant <5 is connected to its 
interpolation constant C by the inequalities 

(3.5) 1/5 < C < k/6 2 

where n is an absolute constant (actually C < Ki(l/<5)(l + log 1/6)). Now, if (zj) 
is a iJ°°-interpolation sequence with constant C, the sequence of the normalized 
reproducing kernels fj — K Zj /\\K Zj \\ satisfies 

c-'CE i a ^i 2 ) 1/2 ^ II E < c (E i^i 2 ) 1/2 

(see [H], Lemma 2.2). 

Lemma 3.3 Let tp: D — > D be an analytic self-map. Let u = (u%, . . . ,u n ) be 
a finite sequence in D and set Vj = ip(uj), v = (vi, . . . ,v n ). Denote by S v the 
Carleson constant of the finite sequence v and set 

2 ■ t 1-M 2 



l<j<n 1 - \<p(Uj)\ 



2 



Then, for some constant c! > 0, we have the lower bound: 
(3.6) a n (C v ) > cb\ii n . 
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Proof. Recall first that the Carleson constant 8 of a Blaschke sequence (zj) is 
also equal to: 

where p[z, Q) = | \ ls the pseudo-hyperbolic distance between z and (,. Now, 
the Schwarz-Pick Lemma (see [T|, Theorem 3.2) asserts that every analytic self- 
map of D contracts the pseudo-hyperbolic distance. Hence p(tp(iij),ip(uk)) < 
p{uj,Uk) and so, if 8 U and S v denote the Carleson constants of u and v: 

S u > 5 V . 



Let now R be an operator of rank < n. There exists a function / 
ELi \-K«j e H 2 n keri? with ||/|| = 1. We thus have: 



\\c;-Rf>\\ci(f)-R(f)\\l = \\c*jf)\\ 



2 



— c« 2 c« 2 ^ 2 ll/lll - C u C v 2 ^ 2 

>K-Ui5$p 2 n >K-U S v pl 

and hence a„(C v ) > k~ 2 Sf, p n . 



□ 



Remark. This lemma allows to give, in the Hardy simpler proof of 

Theorem 4.1 in [13], avoiding the use of Lemma 2.3 and Lemma 2.4 (concerning 
the backward shift) in that paper. Recall that this theorem says that for every 
non-increasing sequence (e n )„>i of positive real numbers tending to 0, there 
exists a univalent symbol (p such that <p(0) — and C v : H 2 — > H 2 is compact, 
but a n (C v ) > e n for every n > 1. Let us sketch briefly the argument. We use the 
notation of [14j . Lemma 4.6. The symbol ip is defined as ip(z) = <j~ 1 (cr 1 a(z)) 1 
where a is some conformal map cr: D — > Q. We set Aj — (1/Co) log(l/ej+i), 
rj = a~ 1 (e>). Then 93(^+1) = Tj and (see [14], pages 444-446): 

1 ~ rj+1 > exp(-2C A J ). 

We shall apply the above Lemma 13.31 with Uj = Tj. Then Vj — <p(uj) = Tj—x- 
Hence 

> II— 1^1 = - -i^L_ > I exp ( -2Co^ i _ l) = -e 2 >- e\. 
1 - \vA 2 - 2 1 - |<uj| 2 1 - rj_i ~ 2 PV J 7 2 J ~ 2 ™ 
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It follows that fi n > £ n /v2. 

On the other hand, (rj)j>i is an interpolating sequence (see [14] , Lemma 4.6); 
hence there is a constant S > (which does not depend on n > 1) such that 
S v > S. Therefore Lemma 15751 gives 

a n {C v ) > cS 4 e n , 

which gives Theorem 4.1 of [14 . □ 

Proof of Theorem 13.21 Fix < a < 1 and define inductively Uj £ [0,1) by 
uq = and the relation 

1 — ip(uj + i) = er[l — ifi(uj)] with 1 > Uj+i > Uj 

(using the intermediate value theorem). 

Setting Vj — <p{uj), we have — 1 < Vj < 1, 

(3.7) 

and 



1 - 

1-Vj 



(3.8) 1 - v n = aa n , with a = 1 - p(0). 

Now observe that, for 1 < j < n, one has, due to the positivity of Uj and Vj, to 
(|3.ip . and the fact that r UJ (x) — uj~ 1 {x)/x is increasing: 



1 — Ui 1 u> 1 (1 — f ,) 1 



which proves that > r LJ (aa n )/2. Furthermore, the sequence (vj) satisfies, 
by (|3.7p . a condition very similar to Newman's condition with parameter a. In 
fact, for k > j, we have 

\v k -Vj\ (1 - Vj ) - (1 - v k ) > (l-Vj)-(l-v k ) _l-<7 k -i 



|1 - V k Vj\ (1 - Vj) + Vj(l - Ufe) " (1 - Vj) + (l-V k ) 1 + cr fc -J 

Analogously, for j > k, we have ^"^ j > . Thus, as in the proof of [4], 

Theorem 9.2, we have, for every k, 

n^->=n^^n(^) 2 - 

Consequently, <J U > FJ™i (irfr) 2 > ex P ( ~ T^)' b y d' Lemma 6 - 4 - Finally, 
use (|3.6p to get: 

a n (C ¥ ,) > c 6^fi n > c exp ( - V r ^( aijn )- 
Taking the supremum over a, that ends the proof of Theorem 13.21 □ 
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Remark. The proof shows that 

(3.9) a n (C v )> sup inf ||C£/|| , 

u 1 ,...,« f . g (0,l)' e <*«}p*-> 

where (K U1) . . . ,K Un ) is the linear space generated by n distinct reproducing 
kernels K Ul , . . . , K Un . But if B is the Blaschke product with zeros u\, . . . , u n , 
then (K Ul , . . . , K Un ) = (BH 2 )- 1 , the model space associated to B. Hence 

(3.10) a n {C v )> sup inf ||C;/||, 

B feiBH 2 ) 1 - 
ll/ll=i 

where the supremum is taken over all Blaschke products with n zeros on the 
real axis (0,1). This has to be compared with the upper bound (which gives 
(EH3), see jl2], proof of Lemma 2.4): 

(3.11) a n {C v ) < infH^ i^jya || — inf sup IICp/H , 



where the infimum is over the Blaschke products with less than n zeros (in the 
Hilbert space H 2 , the approximation number a n (C v ) is equal to the Gelfand 
number c„(C v ), which is, by definition, less or equal to ||Cip|^ ff 2 ||j since BH 2 
is of codimension < n). 

4 Examples 
4.1 The cusp map 

Definition 4.1 The cusp map is the conformal mapping (p sending the unit 
disk D onto the domain represented on Figure^ 




Figure 1: Cusp map domain 
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This map was first introduced in [TT] (see also [IS])- Explicitly, tp is defined 
as follows. 

We first map D onto the half-disk D+ = {z e D; Uiez > 0}. To do that, 
map ES onto itself by z H ► iz; then map D onto the upper half-plane i = {z£ 
C ; 3mz>0} by: 

rpf \ .l + U 

T{u) = i 

1 — u 

Take the square root to map H in the first quadrant Qi — {z e H ; 5Ke z > 0}, 
and go back to the half-disk {z G D ; 3mz < 0} by T -1 : T^s) = fct"; finally, 
make a rotation by i to go onto D + . We get: 



(4.1) ^) V ' : - l/ 



1/2 

— i 



l (iz-l) 



1/2 

+ 1 



One has fo(l) — 0, ipo(-l) = 1, <y5o(i) = — % and yo( — *) — i- The half-circle 
{z € T ; 9tez > 0} is mapped onto the segment [— i, i] and the segment [—1, 1] 
onto the segment [0,1]. 
Set now, successively, 

2 1 

(4.2) (p 1 (z)=log(p (z), <f2(z) = tpi(z) + l, tp 3 (z) 



7T <£ 2 (z) 



and finally: 

(4.3) = 
Hence: 

(4.4) 1 - ^(z) 



1 + f log (l/|Vo(»)|) - *jf arg<^ (z) 

<^2 maps ID onto the semiband {z £ C ; Die z > 1 and |Jmz| < 1}. One has 
= 1, <p{-l) = 0, <p(i) = (1 + »)/2 and p(-t) = (1 - i)/2. 
The domain ip(D) is edged by three circular arcs of radii 1/2 and of respective 
centers 1/2, l + i/2 and 1 — i/2. The real interval ] — 1 , 1 [ is mapped onto the real 
interval ] 0, 1[ and the half-circle {e tS ; |0| < tt/2} is sent onto the two circular 
arcs tangent at 1 to the real axis. 

Lemma 4.2 

1) For < r < 1, let 7 = ? — arctanr = arctan[(l — r)/(l + r)]; then: 
(4.5) po(r)=tan(7/2). 
Hence, when r tends to 1_, one /ias: 

(4.6) 



2 log(l/ 7 ) 2 log(l/(l - r)) 
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2) For \9\ < it/2, one has: 

tan(0/2) 



(4.7) ^ (e^) 



-i ■ 



1 + v/1- tan 2 (6»/2) 
Hence, when 9 tends to 0, one has: 

(4.8) i-^v; 1 



2 log(l/|0|) 
Proof. 1) One has: 

1 yir) = = - + i = - sm a + i cos a , 

ir — 1 1 + r A 1 + r z 

with r = tan(a/2); hence T(ir) = cos(a + tt/2) + i sin(a + tt/2) = e ,; ( Q+,r / 2 ) . Set 
/? = f + f ; one gets: 

e l/3 — i cos /3 sin 7 

gjn(r) = 77, = = = tan(7/2) 

yyj -ie % P + l l + sin/3 l + cos 7 w/ ' 

with 7 = (?r/2) - /3 = (tt/4) - (a/2) = (tt/4) - tan" 1 r. Then gU) follows. 
2) Let r = ~ — 9; one has: 

„. „•„. e l9 — i —cos9 — sinr . , , 

T(ie ) = — a = = = - tan r/2 . 

v ; ie ie - 1 l + sin0 1 + cost v ' ' 

Note that < r/2 < vr/2 since |0| < tt/2; hence tan(r/2) > 0. Therefore: 

e tv /tan(r/2) - i , ytan(r/2) - 1 

Wo(C 1 — = — 1 — = • 

-i.z- v /tan(r/2) + 1 0an(r/2) + 1 

But 

1 - tan(0/2) 



tan(r/2) = tan g - -) = - 

it follows that: 



tan(0/2) ' 



<9 _ a/1 - tan(0/2) - y/1 + tan(0/2) 
a/1 - tan(0/2) + y/1 + tan(0/2) 

(l-tan(0/2)) - (l + tan(0/2)) 
(a/1 - tan(0/2) + y/l + tan(0/2)) 2 
tan(0/2) 
1 + a/1 -tan 2 (6>/2) 

Now, since <^ (e ie ) ~ -i0/4 as tends to 0, we get (|Q|) . □ 



It follows from this lemma and from Theorem 12 . 31 and Theorem 13. 21 that one 
has the following estimate. 
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Theorem 4.3 For the approximation numbers a„(C v ) of the composition op- 
erator C v : H 2 — > H 2 of symbol the cusp map ip, we have: 
(4.9) 

g-cxn/logn <a n (C v ) < e - C2 "/ lo s n , n = 2, 3, . . . , 

for some constants c\ > ci > 0. 

Proof. 1) Upper estimate. Note first that, since the domain </?(B) is contained 
in the right half-plane and in the symmetric angular sector of vertex 1 and 
opening tt/2, there is a constant C > such that |1 — j(t)\ < C (1 — |7(i)|) 
and we have (J2T2J) . Then ()4.8|) in Lemma l4~2l gives f|2 . 3|) . The upper estimate is 
hence given in Theorem 12.31 and (|2.1ip . 

2) Lower estimate. By Lemma [4.21 (14. 6p , one has (|3.ip . Since ^ is a real 
symbol, the upper estimate follows from Theorem 13.21 and (|3.4p . □ 

4.2 The Shapiro- Taylor map 

This one-parameter map q$ , 6 > 0, was introduced by J. Shapiro and P. 
Taylor in 1973 (|22J) and was further studied, with a slightly different definition, 
in [S], Section 5. J. Shapiro and P. Taylor proved that C qa : 7J 2 — > i? 2 is 
always compact, but is Hilbert- Schmidt if and only if 9 > 2. It is proved in [9], 
Theorem 5.1, that C qe is in the Schatten class S p if and only if p > A/9. 

Here, we shall use these maps qg to see the limitations of our previous meth- 
ods. 

We first recall their definition. 

For e > 0, we set V £ = {z € C ; fHc z > and \z\ < e}. For e = eg > small 
enough, one can define 

(4.10) fg(z) = z(- log z) e , 

for z EV e , where logz will be the principal determination of the logarithm. Let 
now gg be the conformal mapping from B onto V £ , which maps T = <9B onto 
dV e , defined by gg(z) = e <fo(z), where ipo is given in (14. ip . 
Then, we define: 

(4.11) <,g = exp(-fg o g e ). 

One has qg(l) = 1 and gg(e lt ) ~ —it /A as t tends to 0, by Lemma [4.21 hence, 
when t is near of 0: 

|l-^(e")|«|/ e k(e l *)]|«|i|[log(l/K|)] e . 

If we were allowed to apply Theorem I2.3[ we would get that a Tt (C w ) < 
l/n e / 4 , which would be in accordance with the fact that C^ e is in the Schatten 
class S p if and only if p > A/9. However, condition (|2.2p is not satisfied: by 
[9J, equations (5.5) and (5.6), one has 1 — |^(e lt )| » |* j (log l/|t|) s_1 , whereas 
|l-c e (e")|«|t|(logl/|t|) e . 
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On the other hand, by the Lemma T4.2I again. g$(r) ~ e(l — r)/4 as r tends 
to 1; hence, when r is near to 1: 

l-^(r)«(l-r)(logl/(l-r)) 9 , 

so qg is a real cj-radial symbol with uj(t) — t(\ogl/t) . Hence, we get from 
Theorem O 

an(C«) £ > 

taking cr = 1/e in (|3.2p . However, this lower estimate is not the right one, since 
C^g is in S p if and only if p > 4/0. 

5 Contact points 

It is well-known (and easy to prove) that for every compact composition 
operator C v : H 2 — > H 2 , the set of contact points 

E v = {e«; 1^)1 = 1} 

has Lebesgue measure 0. A natural question is: to what extent is this negli- 
gible set arbitrary? The following partial answer was given by E.A. Gallardo- 
Gutierrez and M.J. Gonzalez in [5J. 

Theorem 5.1 (E.A. Gallardo-Gutierrez and M.J. Gonzalez) There is a 
compact composition operator C v on H 2 such that the Hausdorff dimension of 
E v is one. 

This was generalized by O. El-Fallah, K. Kellay, M. Shabankhah, and H. 
Youssfi ([5], Theorem 3.1): 

Theorem 5.2 (O. El-Fallah, K. Kellay, M. Shabankhah, H. Youssfi) 

For every compact set K of measure in T, there exists a Schur function ip € 
A(P>), the disk algebra, such that the associated composition operator C v is 
Hilbert- Schmidt on H 2 and E v = K . 

As an application of our previous results, we shall extend these results, with 
a very simple proof. Our composition operator will not even be compact, or 
Hilbert-Schmidt, but in all Schatten classes S p , and moreover its approximation 
numbers will be as small as possible. 

Theorem 5.3 Let K be a Lebesgue-negligible compact set of the circle T. Then, 
there exists a Schur function -0 € A(B), the disk algebra, such that = K, 
ip{e l9 ) = 1 for all c t9 G K, and: 

(5.1) a„(Cj(,) < aexp(— bnj logn). 

In particular, £ f] P >o &p- 
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Proof. According to the Rudin-Carleson theorem ([2]), we can find x G A(W) 
such that 

X = 1 on K and |x| < 1 on D \ K. 

Consider now the cusp map tp, defined in Section 14.11 One has tp € 
(f(l) = 1 and 

a-a{C v ) < a' exp(— bnj logn). 

We now spread the point 1 by composing with the function x, which is equal 
to 1 on the whole of K. We check that the composed map ip = p o x has the 
required properties. 

That ip G A(B>) is clear. For z E K, one has ip(z) = ip(l) — 1, and for 
z e D\ K, one has \x(z)\ < 1; hence \ip(z)\ < 1. 

To finish, since Cw, = C x o C v , we have 

a n {C^) < \\C x \\a n (C v ) < a' \\C X \\ exp(-bn/ logn) := cr„, 

proving the result (with a = a'\\C x \\), since clearly Yl^Li a n < 00 f° r eacn 
p>0. ' □ 

Actually, we can improve on the previous theorem by proving the following 
result. This result is optimal because if Halloo = 1> we know (see Q3|, Theo- 
rem 3.4) that liminf n _ j . 00 [a„(C^)] 1 /" = 1, so we cannot hope to get rid with the 
forthcoming vanishing sequence (e n ) n . 

Theorem 5.4 Let K be a Lebesgue-negligible compact set of the circle T and 
(e n ) n a sequence of positive real numbers with limit zero. Then, there exists a 
Schur function ip £ A(D) such that E v = K, ip(c ld ) = 1 for all e l8 <G K, and 

(5.2) a n (C v ) < Cexp(-ne„) , 

where C is a positive constant. 

This theorem is a straightforward consequence of the following lemma. Re- 
call that the Carleson function of the Schur function ip : D — > D is defined by: 

fty(h) = supm({ieT; |V>(e i4 )| > 1 - h and | arg(^(e") £)\ <nh}). 

iei=i 

Lemma 5.5 Let S be a nondecreasing positive function on (0, 1] tending to 
as h — > 0. Then, there exists a Schur function ip € A(B>) such that ip(l) = 1, 
IV'COI < 1 f or ( £ T \ {1}, and such that p^p(h) < 5(h), for h > small enough. 

Once we have the lemma, in view of the upper bound in |14j . Theorem 5.1, for 
approximation numbers, we can adjust the function S so as to have a n (C^) < 
Ke~ n£n . Then, we compose ip with a peaking function x as m the previous 
section and the map tp = tp o x fulfills the requirements of Theorem I5.41 with 
C = K\\ X \\. ' □ 
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Proof of Lemma l5.5i We use a slight modification of the map g constructed in 
|10) . pages 66-67. Instead of taking a conformal map from D to the domain used 
in |10j . we modify this domain by limiting it to the right- hand side (by, say, a 
semicircle), as on the Figure[5] Let f2 this domain. This domain is limited by the 
two hyperbolas y — 1/x and y — {1/x) + Air. The limiting semicircle is chosen 
in order that 3mw > 1 for w G 57. The lower part of the "saw-teeth" have an 
imaginary part equal to 47m. If a G is fixed and Q n is the part of the domain 
fi such that 3mw < Ann, the horizontal sizes of the "saw-teeth" are chosen in 
order that the harmonic measure wsi(», <9f2 \ d£l n ) is < 5 n := <5(l/167r(n + 1)). 
Note that dQ \ dfl n 3 {w G d£l ; 3m w > Ann} (see [ID], Lemma 4.2). 



Figure 2: Domain f2 

By Caratheodory-Osgood's Theorem (see [2DJ, Theorem IX. 4. 9), there is a 
unique homeomorphism g from D onto Q U {oo} which maps conformally D 
onto n and such that g(0) = a and g(l) = oo (we may choose these two values 
because if h : D — > U {oo} is such a map, and u is the automorphism of D such 
that u(0) = ft. -1 (a) and it(l) = ft, (oo), then g = ho u suits - alternatively, 
having choosen ft(0) = a, then, if h(e l6 °) = oo, we take g(z) = h(e l6 °z)). 

We define ip = (g — i)/(g + i). Then ^: D — > D is a Schur function and 
ip G A(D). Moreover, since the domain ft is bounded horizontally, we have 
ip(l) = 1 and \ip(e u )\ < 1 for < t < 2n. 

Now, pip(h) < m({z G T ; 1^(^)1 > 1 — ft})- Writing g = u + iv, one has: 

w 2 = 1 + ^:!l! =i- 4w 



l) 2 U 2 + («+l) 2 

Since (1 — ft) 2 > 1 — 2ft, the condition > 1 — h implies that u i + "^ +1 yi < ft- 

But 0<M<l + 2-7r<8 and (v + l) 2 < Av 2 (since u > 1); we get hence 
„„ rn a < ft., or — + 2v > Using again the fact that u > 1, one obtains 
2w > i - 32, and hence 2v > ± for < ft < 1/64. Therefore, for < ft < 1/64, 

p^(h) < m({z G T ; 3m^(z) > l/Ah}) . 
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Now, for n > 2 and l/167r(n + 1) < h < l/Wnn, one gets hence: 

Pipih) < m({z £ T ; Jmtp(z) > Ann}) 

= ljq(ci, {w £ dil ; 3m w > 47m}) < wn(a, Oft \ 90 n ) < S n < 8(h) , 

proving Lemma 15.51 □ 
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